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Abstract-Flow of polymers into planar mold cavities of irregular shapes is analyzed numerically. The 
Hele-Shaw approbations are used to simplify the general flow equations which are then solved over the 
irregularly shaped flow domain using a needily generated grid. The non-isothermal nature of the flow 
is modelled, including a temperature and shear-rate dependent viscosity. The temperature distribution in 
the flow field is calculated using a three-dimensional, transient approach while the prediction of the free 
surface locations is made using a pseudo steady-state approximation, neglecting the inertial terms. The 
computational predictions are compared with analytical results and experimental observations indicating 

good accuracy. The applications of the approach are demonstrated through various examples. 

1, INTRODUCTION 

THE ABILITY to simulate a realistic mold filling process 
allows the engineer to optimize the mold design and 
processing variables. However, the analysis of injec- 
tion molding processes (often using fiber-filled poly- 
meric suspensions) presents several major challenges. 
The flow is transient, non-Newtonian and non-iso- 
thermal with ongoing solidification as the molten 
polymer flows through the mold cavity. An important 
ch~acte~stic of the problem is the existence of a con- 
tinually moving boundary, i.e. the melt front, the 
location of which is not known a priori. Furthermore, 
the process is highly nonlinear because of the con- 
vective terms and the strong dependence of viscosity 
on the shear rate and temperature. While the fact that 
most injection molded parts are ‘thin walled’ allows 
for an approximation of the flow to a twodimensional 
problem, the temperature distribution in the fluid 
remains fully three-dimensional with significant gradi- 
ents occurring near the mold walls. In addition, the 
mold cavities are of irregular shapes and of variable 
thicknesses requiring the use of a suitable numerical 
approach for the analysis. The continually changing 
flow domain also necessitates full or local remeshing 
to accurately track the flow. This suggests that the 
mesh generation schemes be highly versatile and com- 
putationally efficient. 

If fibers are present in the fluid, the resulting fiber 
o~en~tions si~~c~tly affect the ~crost~ct~e and 
the resulting thermo-physical properties of the molded 
part, as well as the possible warpage that can occur 
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during cooling. A chosen method of solution should, 
therefore, be able to generate the relevant information 
that can be coupled with fiber orientation studies. The 
ability to predict the flow characteristics and fiber 
o~en~tion during inj~tion molding is of interest 
today. 

Considerable progress has been made in the study 
of polymer flow (in the absence of fibers) in thin cavity 
molds of irregular shapes. Among others, significant 
contributions to this problem have been made by 
Kamal and co-workers [l-5]. In ref. [I] amarker-and- 
cell computational scheme has been used to model 
the non-isothermal, viscoelastic polymer flow, taking 
into account the fountain flow occurring at the melt 
front. This has been extended to include ongoing 
solidification next to the mold walis using a non- 
isothermal c~s~lli~tion model [2]. This study, 
however, cannot easily handle molds of irregular 
geometries. Hieber and Shen 16, 7] have presented a 
formulation to model non-isothermal, non-New- 
tonian flows in thin molds of arbitrary geometries by 
using a hybrid finite-element/finite-difference scheme ; 
but they did not consider the effect of fountain flow 
at the melt front. Their paper does not include infor- 
mation on the three-dimensional pointwise variation 
of the temperature field. Couniot and Crochet [8] 
presented a finite-element based scheme to model the 
filling of a thin planar mold cavity, without con- 
sidering the fountain flow effects. The study uses a 
mesh that has been pre-selected to fill the mold cavity, 
which is then locally adjusted around the free surface 
to account for the moving flow front. The stability of 
Hele-Shaw flows and the wetting layer effect has been 
investigated by Schwartz [9]. 

in the present study, a numerical scheme is 
employed for modelling the mold-fining process with 
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NOMENCLATURE 

A, exponential term for the temperature 
dependency of the viscosity model 

A, B, C coefficients used for automatic 
switching of differencing expressions 

CP specific heat 
h half gapwidth of mold cavity 

i,_i, 4 nodal indices in the t-, o- and 
z-directions 

.I Jacobian of transformation from 
physical to computational 
coordinates 

k thermal conductivity 
M, N, 0 number of nodes in the current 

mesh in the X- (or l), y- (or q), and 
z-directions, respectively 

n dimensionless power-law index 
P, Q grid control functions 

P pressure 
S measure of fluidity defined in 

equation (12) 
T temperature 

TW temperature of the mold wall 

7; temperature of the fluid at the inlet 

t time 
U, v, w velocities in the X-, y- and z-directions 
u, a velocities in the x-, y-directions averaged 

through the gapwidth 
- _ 
%I> a,,1 velocities of fluid relative to velocities 

of the nodes in the X- and y-directions 

&,,,, &e, velocities of fluid relative to 
velocities of the nodes in the <- and 
q-directions 

x, y, z coordinate axes of physical domain. 

Greek symbols 

@t thermal diffusivity 

i shear rate 

rl” kinematic viscosity 

‘lo zero-shear-rate viscosity 

71, infinite-shear-rate viscosity 
i time constant used in the Carreau model 

5, r coordinate axes of the computational 
domain 

: 
mass density 
viscous dissipation 

$ stream function. 

non-isothermal, non-Newtonian polymers, partially 
taking into account the effect of the fountain flow 
on the temperature field. The analysis is based on 
a numerical grid generation scheme that facilitates 
solutions over arbitrarily shaped mold cavities. This 
approach numerically maps the irregular shape of the 
flow field to a more regular shape in a computational 
domain where the governing equations are solved 
using well-developed finite-difference schemes. This 
requires the specification of only the boundaries of 
the mold and all the necessary meshes are self-gen- 
erated to follow the fluid as it fills the mold cavity. 
The effect of fountain flow at the advancing front on 
the temperature field is also partially accounted for 
by appropriate formulation of the energy equation 
and choice of boundary conditions. The pointwise 
velocities obtained from this simulation were used 
in a computational package, FIBOR [lO-121, that 
predicts the orientation of short fibers in dilute sus- 
pensions. Sample results of the flow, temperature and 
fiber orientation predictions are presented. They are 
seen to compare well with both analytical and exper- 
imental results within certain limitations which are 
discussed. 

2. STATEMENT OF THE PROBLEM 

nolds number (defined with the cavity gapwidth as 
the characteristic length) is typically very small, indi- 
cating that the viscous forces are dominant, and that 
the inertial forces can be neglected in the momentum 
equations. Likewise, the flow and the dynamic forces 
in the gapwise direction can be neglected due to the 
small thickness of the mold cavity. The fluid can be 
assumed incompressible during the filling stage. Con- 
vection is considered dominant only in the plane of 
the mold cavity, while conduction is included in all 
three dimensions. 

Figure 1 depicts a mold configuration showing the 
basic nomenclature and coordinate axes as used in the 
problem formulation. The assumptions stated above 
lead to a Hele-Shaw type flow [13, 141, where the 
velocity component in the z-direction (w) can be 
neglected, dropping the z-momentum equation. This 
leaves u and v as functions of x, y, -7, and pressure p as 
a function of x and y only; thus, reducing the flow 
problem to a two-dimensional one. For thin cavity 
molds, a fountain flow effect is observed at the moving 
free surface and the z-direction velocity cannot be 
neglected in this region. However, Behrens er al. [15] 
and Coyle et al. [16] have shown that this region is 
only of the order of a few gapwidths. Therefore, this 
effect is ignored in the present model for the flow but 
is partially accounted for in the temperature field by 

The physical nature of the flow during injection a proper choice of boundary conditions. 
molding in thin-walled molds allows for some sim- Adopting the coordinate definition as shown in Fig. 
plifications of the general flow equations. The Rey- 1 and following these assumptions, the expressions 
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- 

FIG. 1. A Hele-Shaw type flow in a mold cavity of 2b gap 
width. 

that govern the fluid motion become 

(3) 

where t&Y, z), o(x, y, z) are the velocity components 
in the x- and Y-directions, and G&y), ii&Y) are the 
mean veiocities averaged through the mold cavity gap 
obtained by 

u’(x,y) = $ 
h s 4% Y, 4 d.2 (4) 

-k 

The a~umptions made on the tem~ra~re field result 
in the following energy equation : 

The 42 term represents the viscous dissipation, which 
is given by 

The ~e~ophysi~a~ properties p, cP and k are main- 
tained constant during the filling process. However, 
temperature dependency of these parameters can be 
readily incorporated in the problem formulation in 
a pointwise manner given the required constitutive 
equations. 

While the Hele-Shaw approximations reduce the 
flow field to a two-dimensional problem, as defined 
by equations (l)-(3), the temperature fieid remains 
fully three-dimensional, as seen in equation (6). It 
should also be noted that equation (6) is highly non- 
linear because of the temperature dependency of the 
velocity field. 

2.1. Formulation of the problem 
The governing equations presented above can be 

rearranged into a form that is more suitable for 
numerical solution 161. Equations (l)-(3), along with 
definitions (4) and (5), can be reduced to a single 
governing equation with either pressure or the stream 
function as the dependent variable. Expressions for 
velocities u and II can be obtained by integrating equa- 
tions (2) and (3) with respect to z and using the fol- 
lowing boundary conditions : 

u = 0, v=O forz= +k (8) 

au 
z = 0, t = 0 forz = 0. 

This operation yields 

ap hm 
U(AY,d = -ax I x s 

ap “id2 
v(x,y,z) = -- -. 

s ay z qv 

(10) 

(10 

Defining a quantity S (a measure of fluidity) as 

hZ2dZ 

%y)= 0-&-- 
s 

(12) 
” 

the mean velocities can now be written as 

a ?s 
s ap --- 

h ax 

s ap 
lJ= -w 

(13) 

(14) 

These expressions can be combined with continuity 
equation (1) to give a unified flow equation in terms 
of pressure 

~(s~)+;(s~)=o. (15) 

An equivalent expression can be written in terms of 
the stream function as the dependent variable by using 
the definitions 
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(17) 

These expressions, when combined with equations 
(13) and (14) can be substituted into equation (15) to 
give 

In the present study, the stream function for- 
mulation is used because of the marginal advantage 
it has over the pressure formulation in the implemen- 
tation of the boundary conditions. A normalized 
stream function is used which is nondimensionalized 
with respect to the injection velocity and the inlet gate 
width. 

2.2. Bozlndary conditions 

Governing equations (1.5) and (18) are of elliptic 
type and boundary conditions need to be specified 
along all the boundaries. For the stream function 
fo~ulat~on, the cavity walls represent constant stream 
function values, with the difference indicating the flow 
rate. At the inlet of the mold cavity, the derivative of 
the stream function normal to the inlet plane is set to 
vanish, following the assumption of uniform velocity 
at the inlet. At the moving free surface, a zero shear 
stress condition is applied, leading to another gradient 
bounda~ condition here; i.e. the moving front is per- 
pendicular to the streamlines. These boundary con- 
ditions can be stated as 

$1 moldwalls = constant (19) 

It should be noted here that equation (8) imposes a 
no-slip boundary condition on the planar top and 
bottom mold cavity walls, while equation (19) allows 
for slip along the side wails. 

For the temperature field, the fluid at the inlet is 
held at a constant temperature of r and the mold 
walls are held at T,. If necessary, spatial and time- 
dependent variations in the mold wall temperature 
can be easily incorporated by assigning proper values 
at each boundary wall node. In addition, the flow 
conjuration and the mold geometries considered in 
this study lead to a symmetry condition at the mid- 
plane of the mold cavity. The thermal conditions at 
the moving front are the least known of all the bound- 
ary conditions. Here, the fluid exhibits a ‘fountain 
flow’ where the fluid moves away from the mid-plane, 
towards the top and bottom cavity walls with non- 
negligible gapwise velocity components. It has been 
observed [IS-I?] that this ilow convects the Auid from 
the hot core towards the upper and lower mold walls. 
A first approximation can be made by setting the fluid 
along the entire mold mid-plane and the free surface 
to be equal to the injection temperature of T, [18]. In 
the present study. the tem~rature of the mold mid- 

plane is evaluated using the symmetry condition, The 
‘fountain flow’ effects at the free surface are partially 
accounted for by setting the temperature of the Row 
front to be equal to the temperature of the fluid 
element at the mid-plane immediately behind the melt 
front. This boundary condition represents a more 
realistic behavior and does not impose strong limi- 
PdtiOnS on the free surface temperature as the flow 
advances in the mold cavity. In a rapid injection oper- 
ation, the heat loss from the melt front to the ambient 
is small in comparison with the other heat transfer 
processes and is neglected. Additional discussions on 
the boundary conditions at the free surface can be 
found in refs. 119, 201. 

The solution of equations (15) and (I 8) requires a 
viscosity model. For a general non-Newtonian fluid, 
the viscosity depends strongly on the rate of shear as 
well as the temperature. In the present study, the 
Carreau model [21] is employed which relates the 
stress tensor to the rate of shear through the following 
expression : 

r/(9) = qr +(qo-?fm)[l +(ip)2]‘“-‘~;Z. (21) 

Here, q0 is the zero-shear-rate viscosity, ;YI, the infi- 
nite-shear-rate viscosity, 2 a time constant and n the 
dimensionless power-law index. The temperature 
dependence can be included [22] as a first approxi- 
mation by an Arrhenius type relation given as 

In this expression, T, is a reference temperature and 
A, an empirical constant obtained from experimental 
observations over a range of temperatures and shear 
rates. 

3. NUMERICAL SOLUTION PROCEDURE 

During the filling process, the how domain takes 
on various arbitrary shapes and the solution of the 
governing equations and their associated boundary 
conditions over these irregular shapes makes the use 
of a numerical scheme essential. In similar studies [7, 
81 finite-element techniques have been used on a mesh 
that has been pre-selected to contain the entire mold 
cavity and the free surface locations are determined 
at various times during fill by an interpolation pro- 
cedure. In the current study, meshes are generated at 
each time step to contain only the fluid domain. This 
obviates the need for interpolation to locate the free 
surface. 

3.1. Grid generation 
Numerical grid generation on any irregularly 

shaped geometry is performed by essentially mapping 
the boundaries of the body to a more regular shape 
in a computational domain. A mesh is created on the 
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transformed, simpler domain and this can then be 
mapped back to provide a curvilinear mesh on the 
original irregular shape. The governing equations are 
similarly transformed and solved on the com- 
putational domain, using the well-established finite- 
difference techniques, and the solutions at every node 
mapped back onto the physical domain. This tech- 
nique has been studied and applied to a large number 
of engineering problems recently and the details of the 
method can be found in several references including 
those reported by Thompson and co-workers [23-261, 
Hauser and Taylor [27] and Gticeri and co-workers 
1’20, 28-301. 

Figure 2 illustrates the mapping process and the 
associated meshes in the physical and computational 
domains. Note that the transformation need not be 
performed in the gapwise z-direction if the mold gap- 
width h remains constant. This allows for a quasi 
three-dimensional mapping from x, Y, z coordinates 
to r, q, z coordinates where the z-axis remains normal 
to the r-q plane and the gapwise discretization of the 
mold cavity is done in a plane-parallel fashion [28,30, 
311. 

While several expressions are possible, Poisson type 
elliptic expressions are most commonly used to relate 
the physical (x,Y) coordinates to the computational 
(5, q) coordinates due to their inherent ‘smoothness’ 
and ability to handle boundary discontinuities. These 
relations are given as 

$+C=p 
w 

$+g$=,. 
This mapping produces a curvilinear mesh over the 
physical domain in such a way that the boundaries of 

the physical domain, including the moving flow front, 
coincide with one or more of the computational coor- 
dinate lines. This simplifies the implementation of the 
free surface boundary conditions without interp- 
olation, and allows the user to monitor smooth 
advance of the melt front, avoiding the jagged free 
surfaces that can be seen in some finite-element 
approaches. In the above equations, P and Q are the 
grid control functions that can be used to specify mesh 
concentration in desired areas [24, 261. Setting P = 0 
and Q = 0 results in a globally uniform mesh and, for 
the examples considered in the present study, this 
was adequate to produce good accuracy. An example 
using grid control in a similar polymer processing 
problem is reported in ref. [20]. 

Since the transformation uses second-order partial 
derivatives, the mapping has to be performed numeri- 
cally and it is convenient to interchange the depen- 
dent/independent variables of equations (23) and (24) 
to give 

ux<< - 2Bx,, + yxqs + J’(Px, + Qx,, = 0 (25) 

x~ee -~BY,, +YYV~ +J’(Py, + QY,) = 0 (26) 

where LX, /3, y are the geometric coefficients and J is the 
two-dimensional transformation Jacobian given by 

CI = x;+y; 

B = *exs +YrY, 

y = x;+y; 

J= *cY4-%lYc. 

Central differencing of equations (25) and (26) 
yields a coupled pair of difference expressions which 
are then solved to obtain the location of the mesh 
nodes, xij and yij. The procedure requires only the 
specification of the fluid boundaries, i.e. the inlet gate, 

FIG. 2. The numerical mapping of the irregular fluid domain (from the physical x, y, .z coordinates) to a 
more regular computational domain (in the <, q, z coordinates). 
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the mold side walls touched by the fluid and the free 
surface. To initialize the problem, a finite fluid domain 
is assumed in the inlet runner on the verge of entering 
into the mold cavity as shown in Fig. 3. Given a set 
of user-input nodes to specify the mold boundaries, 
the flow problem is solved for every time step, the free 
surface is relocated accordingly and a new mesh is 
generated over the current flow domain. For small 
time steps, each new mesh is only marginally different 
from the previous one and using the previous mesh as 
the initial guess results in rapid mesh generation. 

During the filling process, the flow domain con- 
tinuously expands. A constant mesh size to cover this 
domain at all stages of fill could result in either too 
coarse meshes over large domains (producing unsat- 
isfactory solutions) or in too fine meshes over small 
domains (poorly utilizing computational resources). 
Allowing the mesh size to be continuously expanded, 
as the fluid fills the mold, produces meshes of desired 
density in a computationally economic way. This is 
implemented by adding a new curvilinear com- 
putational coordinate line to the flow domain each 
time the free surface passes a mold boundary node. 

3.2. Transformation of the governing equations 
In order to compute finite-difference solutions to 

the governing equations (18) and (6) over the trans- 
formed domain, they need to be expressed in terms of 
the transformed coordinates 5, q, and z. Based on the 
coordinate transformation described above, the flow 

FIG. 3. Problem initialization : the mold shape is specified by 
user-input nodes along the boundary. An initial fluid domain 
is assumed in the inlet gate and an initial mesh needs to be 

genera&d here by the user. 

equation (18) can be expressed as the following ellip- 
tic, quasi-linear partial differential equation : 

+pp~]+;[x(;;)-2(~) 

+,($)+J2P($)+J2Q($)]=0. (27) 

The Dirichlet boundary conditions for the stream 
function along the cavity walls remain unchanged. 
while the Neumann boundary conditions at the cavity 
inlet and the moving front are now expressed as 

(28) 

Following the definition of stream function in the 
computational domain, the expressions for zi and V 
components of velocity along the free surface can be 
obtained as 

_ I ax a* ax a* 
’ = 5 ag all [------- aa at 1 (29) 

(30) 

Equation (27) can be solved at every time level 
to obtain the stream function values over the flow 
domain, Equations (29) and (30) can be then used to 
increment the location of the free surface for every 
time step, which is followed by regeneration of the 
mesh. 

The calculation of the temperature field is an initial- 
value problem. It needs to be evaluated after the free 
surface has progressed by a small time increment and 
the new mesh locations have been determined. The 
motion of the nodes can be incorporated [32] into 
energy equation (6) by defining 

- _ 
&I = u - %ode (31) 

i&e, = u- %ode (32) 

where U,,, and &, indicate the relative velocities of the 
fluid particles with respect to the moving grid points. 
The transformed energy equation is then 

(33) 

The boundary conditions for the energy equation can 
be expressed as 

TI maid inlet = T, (34) 

Tl - T, CaWtywalls - (35) 
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5 I mid-plana = 
0 (36) 

TI rrcesurface;&fj,q = %- Li, 1. (37) 

Note here that i, j, q are the nodal indices in the c-, q- 
and z-directions having maximum values of M, N and 
0. 

3.3. Dixretization 
Since convection is considered to be the dominant 

mechanism over conduction in the mold plane, the 
Peclet number for the process is large and upwind 
differencing is required for stability. The decision on 
which direction is upstream must be based on the 
relative velocity of the fluid with respect to the nodes, 
and not simply the velocity of the fluid, since the nodes 
are also being relocated. The Cm, and rS,i need to be 
transformed to relative velocities in the computational 
plane along the c-direction (i.e. z&i) and along the q- 
direction (i.e. r&&. These are 

The Appendix details a method for directly using the 
proper upwind discretization depending upon the 
magnitude of these relative velocities. 

3.4. Contact point location 
As stated earlier, a no-slip condition is applied 

along the top and bottom cavity walls, while a slip 
condition exists along the mold side walls as a conse- 
quence of the Hele-Shaw appro~mations. Since the 
mold wall itself is a streamline and because the normal 
derivative of the stream function along the free surface 
is set to vanish, as given by equations (19) and (201, 
it follows that the moving free surface is always nor- 
mal to the side walls of the mold cavity at the contact 
points. This is implemented by imposing 

It follows that 

B = 0 = x,x, + y,y,. (41) 

The location of the contact point is determined by 
expressing equation (41) in finite-difference form 
(using one-sided three-point differencing for the 
evaluation of the derivatives) and solving for one of 
the physical coordinates, say xlJ. The value of y, then 
follows the local description of the boundary segment 
in the form of a local curve fit. If the slope of the 
boundary segment is infinitely large, then the x, value 
can be set to the x value of the line segment and the 

y coordinate can be calculated using 

This produces a three-point extrapolation of the free 
surface to meet the mold wall normally. If the free 
surface approaches a turn in the mold wall such that 
the mold wall parallels the free surface segment 
immediately adjacent it, the three-point differencing 
can produce a contact angle that is not normal to the 
mold wall. The error associated with this is small and 
is neglected. 

3.5. Stability 
The stability of a marching scheme directly depends 

on the selected time increment. Based upon the Pan 
Neuman stability analysis 1331, a stable time increment 
for the solution of equation (33) can be formulated 
as 

(43) 

It must be noted that the critical time increment must 
be evaluated at every time step because of the changing 
mesh configuration. This condition is usually more 
stringent than the Courant estimation for stable time 
increments. To be consistent, the time increment for 
the advancement of the free surface is set to be the 
same as the time increment used in the energy equa- 
tion. 

3.6. Solution procedure 
Starting from an initial mesh enveloping the initial 

fluid domain, the transfo~ed flow equation (27) is 
solved using an iterative procedure to obtain the 
stream function solutions over the fluid domain. 
Using equations (29) and (30), the fluid velocities 
along the free surface are determined and the free 
surface is moved to a new location for a small, stable 
time increment. A new mesh is then generated over 
the new fluid domain using the previous mesh as a 
first guess. When the free surface crosses every pre- 
specified point on the mold boundary, the mesh size 
is enlarged by one more column of nodes in the flow 
direction. While such an approach helps to keep the 
mesh size (and hence the computational time) to a 
rni~rn~, the marching scheme used to calculate the 
temperature solutions from the transformed energy 
equation cannot be applied if the mesh has been 
enlarged. In this case, an extra mesh line is introduced 
in the old mesh and the necessary parameters are 
determined by interpolation before proceeding. Since 
the grid distribution at every time step serves as the 
initial guess for the grid generation at the next time 
level, this facilitates the quick generation of a new 
mesh. 
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4. SAMPLE RESULTS 

In this section, the accuracy of the formulation and 
the solution technique described above is examined 
and their applicability to irregularly shaped planar 
mold cavities is demonstrated. 

4.1. Comparison with analytical solution 
The equations governing the flow can be solved 

analytically for a simple rectangular cavity to (par- 
tially) evaluate the accuracy of the numerical 
approach. For this purpose, a rectangular mold cavity 
of 5 x 2 x 0.1 cm is considered. The fluid is injected at 
a constant injection velocity of 1.0 cm s-‘, and is 
assumed to follow a power-law viscous behavior. An 
analytical expression can then be obtained for the 
iso~e~a1 flow by integrating equation (2). Assuming 
h and ii to be constant, the expression for pressure 
becomes 

“hldx 
p= - s zi?&J2+ l/n)” 5 --= - 

0 s 
(,$,I-“h”+’ ” dx (44) 

s 

where 

This allows a comparison between the numerical cal- 
culations and the analytical solution for various 
power law indices. The results are presented in Table 
1 using a fluid viscosity of 10 poise with a power- 
law index of n = 1, indicating good accuracy for the 
numerical simulation. 

4.2. Comparison with experimental observations 
A simple laboratory mold was constructed for 

examining the melt front locations and inlet pressures 
at various times during the filling operation. Alumi- 
num sheets were cut to form a rectangular mold cavity 
of dimensions 30.32 x 20.0 x 0.3175 cm, as shown in 
Fig. 4. The mold was fitted with a grid transparent 
top through which melt front locations were recorded 
with a video-camera. The inlet was located at the 
upper left-hand comer of the rectangular mold cavity 
and a potentiomet~c pressure transducer was located 

Table I, Comparison of the solutions for inlet pressure when 
filling a simple rectangular mold using shear-thickening. 

Newtonian and shear-thinning fluids 
-- 

Pressure Pressure Percentage 
(analytical) (numerical) error 

(kPa) &Pa) (%I 

n= 1.2 12.7055 12.6792 0.2 
n= 1.0 6.0000 5.9875 0.2 
n = 0.4 0.6049 0.6036 0.2 
~_._ --- 

- experiment 
~~~~-------- TGMOLD predictions 

FIG. 4. Comparison of the predictions of the free surface 
locations with experimental observations at 6.3, 28.0, 52.4. 

74.8 and 91.4 s (total fill time = 100 s). 

there to monitor the injection pressure. A cylinder and 
piston arrangement was used to inject the fluid at a 
constant velocity of 3.1 cm s- ’ at the gate, resulting 
in a total fill time of 100 s. Experiments were con- 
ducted using corn syrup as the working fluid. Its 
viscosity was measured to be 47.05 poise using a 
Weissenberg rheogeniometer and it was seen to 
exhibit a Newtonian behavior over the range of shear 
rates for the experiment. 

Figure 4 shows the comparison of the predicted and 
observed free surface locations at various time steps. 
The gauge pressure measured at the inlet gate at the 
time ofcomplete fill was 10.55 kPa (kO.345 kPa) and 
the numerically predicted value for the same case was 
9.69 kPa. 

4.3. Non-isothermal jilling of an irregulur mold 
geometry 

Non-isothe~al flow is simulated for the mold cav- 
ity shown in Fig. 3, where polystyrene is considered 
as the injected fluid. The mold shape is approximately 
5 cm long, 8 cm wide and has a gapwidth of 0.25 cm. 
A constant flow rate of 3.755 cm3 s-’ with polystyrene 
at 290°C is used at the inlet. The mold walls are 
held at a constant temperature of 85°C. The Carreau 
coefficients of viscosity for polystyrene are taken (at 
453K)as~,=1.48x104Nsm-‘,~,=0,~=l.04 
s, n = 0.398 1341. The temperature dependency was 
modelled using T, = 453 K and A, = 0.03. A sample 
of the meshes generated during filling is shown in Fig. 
5. Note that the nodes specified on the mold boundary 
have been located such that the resulting meshes dur- 
ing the Elow are more concentrated around sharp 
comers to help avoid instabilities in the calculations. 
Unusually skewed meshes can result in erroneous tem- 
perature predictions and this was continuously moni- 
tored during the filling simulation. 

At the beginning of injection, a 5 x 15 x IO mesh 
was used and this was continuously enlarged toa final 
mesh size of 64 x 15 x 10 at the instant of complete 
fill. The time step used was 0.0001 s and the predicted 
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I?EG. 5. Irregular mold geometry: the mmterically generated meshes over the Row domain at selected times 
during the El&g simulation, 
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0.035 O.llS 0.239 

FIG. 6, Irregular mold geometry : the predicted locations of 
the melt front at selected time steps during the flow. 

fill time was 2.32 s. The problem required 8 h and 20 
min of CPU time on a VAX 1 l/785 computer. Figure 
6 shows the predicted locations of the polymer front 
at selected time steps. 

A measure of evaluating the accuracy of simulation 
is the error in predicting the filled uohme which is 

defined as 

voi ““merlcal - v4,,i 
error,,,. = -- vole,,;;;------ -. (46) 

This has been evaluated for the irregular mold shape 
shown here and the resulting error is plotted in Fig. 
7. The error is seen to be within acceptable limits. 
The numerical grid generation approach results in 
typically less volumetric error as described by equa- 
tion (46) because the fluid domain is meshed fully 
without jnterpolation. A limited comparison of the 
numerical grid generation scheme presented here and 
a finite-element approach [35] in modelling a mold 
filling process is presented in refs. [28, 311, indicating 
excellent agreement between the two techniques with 
comparable mesh structures. 

The pressure distribution near the completion of 
the filling stage is shown in Fig. 8. At the instance of 
mold fill, the pressure in the inlet gate is predicted to 
be 4413 kPa (640 psig). 

The three-dimensional temperature solution is dis- 
played (Fig. 9) as a set of contour plots in the .x-y 
plane for three different heights in the mold gapwidth : 
(a) the plane immediately below the top mold wall (at 
z = 0.11 I 1 cm) ; (b) the plane quarter gapwidth deep 
(at z = 0.0555 cm); and (c) the mold mid-plane (at 
,- = 0 cm). While the large temperature gradients near 
the mold walls are clearly seen as expected, the effect 
of the fountain flow is also seen in Fig. 9(a), where 
the temperature at the free surface is higher in com- 
parison to its neighboring points due to the fluid being 
convected up from the warmer mold mid-plane. 

The prediction of fiber orientation is of con- 
siderable interest. Solution of the continuum equa- 
tions numerically allows for the recovery of essential 

Error in predicting the filled volume 
(TGMOLD vs. exact. solution for the irregular mold geometry) 

-1.6 t / I 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 f.8 2.0 2.2 

Injection time (s) 

FIG. 7. Irregular mold geometry : the error in predicting the filled volume at various times during the flow 
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INLET 
PRESSURE = 
4,413 kPa 

442 kPa 

663 kPa 

884 kPa 

1105 kPa 

FIG. 8. Irregular mold geometry : prediction of the pressure distribution at the instance of mold fill. Injection 
pressure at inlet is 4413 kPa (640 psig), each contour corresponds to a step of 221 kpa (32 psi). 

flow information to conduct such a prediction as 
shown in Fig. 10 where the flow studies using 
TGMOLD [36] are coupled with the fiber orientation 
predictions using FIBOR [ 121. 

4.4. Temperature distributions through the mold gap- 
width 

The use of a quasi three-dimensional trans- 
formation allows the user to gain valuable infor- 
mation about the distribution of the flow variables 
and temperature in the gapwise direction. To dem- 
onstrate this, a 2 x 6 x 0.2 cm rectangular mold cavity 
is considered. The simulation was performed using 
polystyrene with injection velocities of 30,50, 150 and 
500 cm s-‘. The injection temperature is taken as 
29O”C, while the mold walls are maintained at 85°C. 
The problem is solved on the half gapwidth (z = WZ) 
by discretizing the half gap into nine plane-parallel 
zones of equal thickness. The simulation of this pro- 
cess was computed in 133 s on a VAX 11/785 
computer, and in 14.2 s on an ALLIANT FX-80 par- 
allel computer. Figure 11 shows the distributions of 
the temperature in the z-direction. As expected for 

high injection rates, the temperatures are seen to 
exceed the inlet temperature due to shear heating dur- 
ing the flow. The viscosity distribution across the gap 
is depicted in Fig. 12 showing the large variations due 
to the strong temperature and shear rate dependence 
of the fluid. Figure 13 shows the velocity distributions 
in the half gap for various fill rates. 

The gapwise temperature distribution along the 
centermost curvilinear coordinate (q = N/2) is shown 
in Fig. 14. The simple boundary condition used at the 
free surface for the temperature is seen to effectively 
predict the convective nature of the fountain flow. 
This result compares well qualitatively with the results 
presented by Hieber in ref. [ 191. 

5. CONCLUSION 

A numerical grid generation approach to the analy- 
sis of injection molding processes is presented. The 
technique is shown to have the ability to account for 
the irregularly shaped two-dimensional nature of the 
flow field and the three-dimensional nature of the 
temperature field. The technique is particularly advan- 
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FIG. 10. The predicted fiber orientations at fill by FIBOR (a) for fibers aligned with the flow at the inlet 
and (b) for fibers randomly aligned in the flow at the inlet. 

tageous in implementing the various boundary con- elled and the effects of shear heating are clearly seen 
ditions and in tracking the continuously deforming in the predictions. A simple but effective formulation 
melt front without interpolation. Since the technique has been used to include the convective effect of the 
self-generates all the required meshes for a given mold fountain flow on the temperatures near the melt front. 
geometry, it requires little startup effort from the user. The method described in this paper has been 
The non-isothermal nature of the flow has been mod- developed into a code (TGMOLD) [36]. 

Temperature profiles in the gapwidth 
(Polystyrene injected into a 6cmx2cmx0.2cm mold) 

100 120 140 160 180 200 220 240 280 280 300 

Temperature (“C) 

FIG. 11. The gapwise temperature distribution in a rectangular mold cavity. 
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FIG. 9. Irregular mold geometry : the isotherms at three selected planes in the gap direction, Tide, = 290°C 
and T., = 85°C. 
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LEGEND 

FIG. 9. (continued.) 
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FIG. 14. The temperature distribution across the mold gapwidth for the rectangular mold cavity. The figure 
depicts the x-z plane with the z-direction magnified 14 times for clarity. The free surface is predicted to be 

at 289.988”C (T = 290°C and T, = 85°C). 
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Viscosity profiles in the gapwidth 
(Polystyrene injected into a 6cmx2cmx0.2cm mold) 

FIG. 12. The gapwise distribution of the viscosity during the Wing of the rectangular mold cavity. Here, 
T,, = 453 K and A, = 1.0. 

Multiply-connected mold geometries can be 
handled using branch cut or window approaches 
[26, 28, 291. Likewise, small variations in the mold 
gapwidths can be analyzed by applying an algebraic 
transformation in the z-direction. 

For injection molded parts that are three-dimen- 
sionally connected (with several protruding surfaces 
from a main body), the numerical grid generation 
approach can be extended to handle these geometries 

by using three-dimensional grids and independently 
transforming each section into a simple com- 
putational domain to solve the governing equations 
[371. Such a division of parts would need only tem- 
poral information exchange at the junctions between 
sections when a new time cycle begins. This class of 
problem becomes particularly suitable for computers 
that have parallel processing capability, with each 
processor handling a particular flow zone. 

Velocity profiles in the gapwidth 
(Polystyrene injected into a 6cmx2cmx0.2cm mold) 

-e- 30cm i’ 
- 60om 8-I 
- 15oom i’ 
- soocm a-’ 

0.0 I 1 I I I I I 

0 100 200 300 400 500 800 700 

Velocity km 59 

FIG. 13. The velocity profiles across the half gap for various injection speeds into the rectangular mold. 
The strong coupling between the temperature and velocity fields is evident. 
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APPENDIX: A GENERALIZED UPWIND 
DIFFERENCING SCHEME 

Upwind differencing is needed for stable convergence in 
an iteration scheme if the Peclet number associated with 
the discretization tends towards large values. The choice of 
the upwind direction depends on the local relative velocity 
components t? and 6. Upwind or central differencing can be 
performed for the first derivatives of a flow function f as 
follows. 

In the l-direction 

The proper differencing can be identified by defining a 
quantity E to specify the range over which central differencing 
is permissible. This quantity can be set equal to the critical 
Peclet number, Pe = z&~/u,, which gives the stability limit 
for central differencing along the x-direction. Thus, back- 
ward differencing is used for the flow variable f when 2i > E, 
central differencing when 1~71 < E and forward differencing 
when ii < --E. This is accomplished by describing a generic 
expression 

af A.f-,,+Bfij+Ch+l., 
ax ,J AX (53) 

where the coefficients A, B and C are 

A=-!?! 
2 

B=g 

a-l 

In the q-direction 

af fu-fiJ- I 
I&, > 0 : - = ~ 

all ij 4 

af fi,j+, -fu &, < 0: - = ~ 
atl ij Arl 

c= -2 
with g defined as 

(50) 

(54) 

(51) 
(NZNT is an intrinsic Fortran function that rounds off its 
argument to the nearest integer). This formulation allows 

(52) the proper switching between the three types of differencing 
for the flow variable f, depending on the value of ti. 

ECOULEMENT NON ISOTHERME DE POLYMERES DANS DES MOULES A CAVITE 
BIDIMENSIONNELLE MINCE: UNE APPROCHE PAR GENERATION DE GRILLE 

NUMERIQUE 

R&ar&-On btudie numeriquement l’ecoulement de polymbes dans des moules plans a cavitbs de forme 
irrtgulitre. Les approximations d’Hel&Shaw sont utilisbes pour simplifier les equations getterales 
d’bcoulement qui sont resolues dans le domaine d’ecoulement en utilisant une generation de grille 
numerique. La nature non isotherme de l’ecoulement est modelisee en incluant une viscosite fonction de 
la temperature et du taux de cisaillement. La distribution de temperature dans le fluide est calcul&e 
en utilisant une approche transitoire et tridimensionnelle, tandis que la prediction de la position de la 
surface libre est faite avec l’approximation dun Ctat pseudo-stationnaire et en negligeant les termes 
d’inertie. Les predictions numtriques, comparees avec des rbsultats analytiques et des observations 
experimentales montrent une bonne precision. Les applications de l’approche sont demontrees a 

travers de nombreux exemples. 

NICHT-ISOTHERME POLYMERSTR6MUNGEN IN ZWEIDIMENSIONALE DUNNE 
HOHLRAUMFORMEN : EIN NUMERISCHES RASTERGENERIERUNGS- 

VERFAHREN 

Zusammeufassuug-Es werden Polymerstromungen in flache Hohlraumformen UnregehniiBiger Gestalt 
numerisch untersucht. Zur Vereinfachung der gebriiuchlichen Striimungsgleichungen werden die Hele 
Shaw-Niiherungsansltze verwendet, die entlang dem unregelmagigen Striimungsgebiet mit Hilfe eines 
numerisch erzeugten Rasters gelost werden. Das therm&he Ungleichgewicht, das in der Stromung herrscht, 
wird einschliel3lich einer von der Temperatur und der Scherrate abhlngigen Viskositat beriicksichtigt. Die 
Temperaturverteilung im Striimungsfeld wird mit Hilfe eines dreidimensionalen instationaren Nahe- 
rungsansatzes berechnet, wohingegen die Berechnung der Lage der freien Oberlliiche mit Hilfe eines 
quasistationaren N%herungsansatxes erfolgt, bei dem die Trlgheits-Terme vemachlassigt werden. Es werden 
die berechneten Ergebnisse mit analytischen Ergebnissen verglichen. Uberpriifungenmit experimentellen 
Daten xeigen eine gute Ubereinsthmuung. An verschiedenen Beispielen werden die Anwendungsmog- 

lichkeiten des Naherungsverfahrens gezeigt. 
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HEB30TEPMWiECKOE TEYEHAE llOJIkiMEPOB I-IPH 3MOJlHEHkIki ABYMEPHbIX 
IIPECC-QOPM. METOJJ WiCJfEHHOI-0 ‘@OPMkIPOBAHMI CETOK 

~T~~scne~Ho;uran~3HpyeTcnTene~enonnMepoBnp~3ano~e~HHrae3nnpecc-~op~~enpa- 

BHJIbHOii IIJIOCKOii KOH#iry'&Xtl&HH. 06twre ypaBHeHHs ABEiXCeHHR yIIpOIl&arOTCff B npts6nHxeHHw Gene- 

IUoy H pemawrcn 3aTeM qHcnem0 B pacseTHofi o6nacra TeqeHHfi HenpaBsnbHofi @opMbI c 

npHMeIieHHeMCeTOYHbIX MeTOAOB. Monempyewr HeH30TepMHWCKIifi XapaKTep Te'ieHHR,BKillO'IaR 8X3- 

Kocrb, 3anncIIuIyIo OT TeMnepaTypar H CKOFH weara. IIonr cnopocreti si TehinepaTyp paccliuTbr- 

BaIOTCR C ACnOJIb30BaHHeM TpeXMepHOrO HeCTaIJHOHapHOrO MeTOaa, a nOJlOB(eHHe CBO6OLWOi2 

nOWpXHOCTH OnpeAeJIKeTCK B KBa3HCTaItLfOHapHOhl IIpH6nH*eHHH 6e3 y'IeTa HHepWiOHHbIX YJICHOB. 

%iCJIeHHbIe paC'IeTbI COnOCTaBJleHbI C aHaJIHTHWCKHMH pUIeH&iRhGi, a TaK'lge 3KCIlepHMeHTaJIbHbIMW 

~aHH~~UnonyPeHoXOpO~~coBn~e~e.HapalnH~MxnpHMepax~eMOH~pHpyeTCKnpaKT~~~Koe 


